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Hopf-Galois Theory

An extension K/k is Hopf-Galois if there is a k-Hopf algebra H
and a k-algebra homomorphism p : H — Endj(K) such that

> p(ab) =3 ) wlhy(@)u(h))(b)
» KH ={ae K| u(h)(a) = e(h)aVhe H} = k
> induces | ® pu: K#H > Endi(K)



By the Greither-Pareigis theorem, for K /k a Galois extension of
fields with G = Gal(K/k) the Hopf algebras which act are of the
form (K[N])¢ where N < B = Perm(G) is a regular subgroup
normalized by A\(G) < B.

The enumeration therefore is of those regular N < B, where N
must have the same cardinality as G but need not be isomorphic.



To organize any such enumeration we define:

R(G) = {N < B |N regular and A\(G) < Normg(N)}
R(G,[M]) ={N € R(G)|N = M}

where [M] denotes an isomorphism class of a group of order |G].

We will be considering R(G, [G]) for G a dihedral group.



The general setup will be as follows. We assume that L/K is

Galois with group G = D,, and so B = Perm(G) where D, may be
presented as

Dp={x,t| x" =1,t> = 1,xt = tx "'}

= {1,x,x%, ..., x"L ot tx, X2, ")

where |Dp| = 2n, for n > 3.



Note, for N a regular subgroup of B one has
Normg(N) = Hol(N) = N x Aut(N)

and since N € R(D,,[Dn]) we begin with a number of observations
about D, and its holomorph.



Proposition
For n > 3 with D, = {t?x|a € Zy; b € Z,} and letting U, = 7,

(a) C = (x) is a characteristic subgroup of Dy

(b) Aut(Dy) = {ij|li € Zn;j € Up} where

(bi,j ( taXb) — taXia+jb

Pinjo © Pirjs = Piv+ioitjojn

(c) Aut(D,) = Hol(Zp)



In order to organize the enumeration of the N € R(G, [G]) we
consider some global structural information about how a regular
subgroup isomorphic to D, acts on the elements of D, viewed as a

set.



Wreath Products and Blocks

Definition
If G is a permutation group acting on a set Z then a block for G is
a subset X C Z such that for g € G, X8 = X or X6 N X = (.

In our example, we shall consider Z as the underlying set of

G = D, and look at blocks arising from subgroups of

B = Perm(G) and in particular how regularity ties in with these
block structures. Recalling our presentation of D, define :

X ={1,x,x%...,x""1}
Y = {t, tx,tx?,..., tx" 1}
Z=XUY

where Z = G (as sets) and B = Perm(Z).



Next, define 7, : X — Y by 7.(x/) = tx/ which induces an
isomorphism Perm(X) — Perm(Y')

From here on, we set Bx = Perm(X) and By = Perm(Y') and

consider
W(X,Y)=(Bx x By) x (1)

where 7 has order 2 and is defined as follows:

7(8)(x) = 7.1 (B(7:(x))) for x € X and 8 € By
7(a)(y) = 7(a(1 1 (y))) for y € Y and a € By

As Bx = By = S, and (1) = S, we find that
W(X,Y)= 515,

the wreath product of S, and 5.



Note: As an element of B,

8(a, B,7)(2) =

It is readily verified that 0 is an embedding of W(X,Y) as a
subgroup of B.



We need to make a number of observations about wreath products
such as W(X, Y) which are probably known but for which no
convenient reference could be found.

Lemma

Ifwe W(X,Y) then either w(X) =X and w(Y) =Y or
w(X) =Y and w(Y) = X.

As such, we may regard W(X, Y) as the maximal subgroup of B
for which X is a block.



Although we shall use the above indicated choice of 7y, it is useful
to observe the following.

Proposition

For any two bijections 7, and 7, of X to Y, the induced wreath
products W and W' are equal as subgroups of B.



Definition
For Z such that |Z| = 2n, a splitting {X, Y} of Z is a partition of
Z into two equal size subsets.

We note that for a given splitting {X, Y} of Z every bijection
T+ : X — Y yields the same subgroup of B which we may denote
W(X,Y;7) or simply W(X,Y).

Also, for later use, we note the following:

Proposition

For a given splitting {X, Y} and o € B, we have
cW(X,Y)ot = W(X?, Y?) where X = o(X) and Y7 = o(Y).



Corollary

Normg(W(X,Y)) = W(X,Y)

As a small aside, we can consider, for a given {X, Y} the subgroup
S(X,Y) = Bx x By of B.

Proposition

S(X,Y)<W(X,Y) and, in fact, Normg(S5(X,Y)) = W(X,Y).
Note, W(X,Y) = S(X,Y)US(X,Y)r for any 7 induced by

T« : X =Y.



Before considering the enumeration of R(G) we shall first consider
how regularity and block structure are connected.
Proposition

If N < B is regular then N < W(X,Y) if and only if N contains
an index 2 subgroup K with X = Keg. (assuming eg € X)



The K's which arise are of course normal, but we need the
following fact about the normalizers of regular subgroups N.

Proposition
If N < B is regular and N < W(X,Y) corresponding to K < N as

above, then Normg(N) < W(X,Y) if and only if K is a
characteristic subgroup of N.

Corollary

If N < B is regular and N < W(X,Y) corresponding to K < N as
above, and K is unique, then Normg(N) < W(X,Y) for the
splitting {X, Y} corresponding to K only.



Proof.

The bijection b: N — G (given by b(n) = neg) induces an
isomorphism ¢ : Perm(G) — Perm(N) and if X = Keg, then
b(X) = Key = K =X, and similarly Z=Nand Y =7 — X. In
Perm(N) we have ¢(K) = A(K) < A(N) = ¢(N) corresponding to
X = K. Now, Hol(N) = Normpe,m(n)(N) = p(N)Aut(N) and so
for n € Hol(N) we have n = p(m)a for m € N and « € Aut(N)
and so if K is characteristic then

n(X) = p(m ) (K)

Km
KorN—K (i.e. X or Y)

For the converse observe that N = K U nK (for some n ¢ K) and
so for a € Aut(N) < Normg(N) we have a(K) = K or nK which,
of course, means a(K) = K, so, in fact, Normg(N) < W(X,Y)
implies Aut(N) < §(X,Y) = Bx x By. O



The block/splitting structure of A(G) for G = D, is as follows.
Proposition

Given G = D,, as presented above, then:
(a) If nis odd, then A\(G) < W(Xo, Yo) for exactly one {Xo, Yo}.
(b) If n is even then \(G) < W(X, Y;) for exactly three {X;, Y;}



Proof

The underlying set is {1,x,...,x""1 t tx,...,tx""1} and
Ax)=(1x - x")(t tx"1 . tx)

and
A(t) = (1 t)(x tx)--- (x"_1 tx"_l)

For n odd, the claim is that there is exactly one block of size n
(equivalently only one splitting yielding a wreath product
containing G), namely

Xo={1,x,....,x" Y and Yo = {t,tx,..., tx”_l}

which corresponds to the unique index 2 subgroup Ko = (\(x))
where XO = Orb<)\(x)>(1)



For n even, we have the following two additional splittings:

X1 ={1,x%,... x"2 t,tx% ... tx"7?}

Yi={x,x3 .. x" e o3, ")
and

Xo={1,x% ..., x"? tx, x>, ..., tx"1}

Yo ={x,x3, ..., x""Lt tx? ... tx"2}

which correspond to the additional index 2 subgroups
K1 = (A(x?), \(t)) and Ky = (A(x?), A\(tx"1))

However, only Kj is ever characteristic.



Corollary
For all n, if G = D, then Hol(G) < W(Xo, Yo) for a unique
{Xo, Yo}

i.e. For n even, A\(G) is contained in W(X;, Y;) for i =0,1,2, but
the holomorph is only contained in W/(Xp, Yo).

Now, as far as the membership of R(D,, [D;]) is concerned, we
have the following.



Theorem
Let N € R(Dp, [Dn]) with K the characteristic index 2 subgroup of
Nand X =K -1 (with Y = Z — X).

(a) If n is odd then X = Xp.

(b) If n is even then X = X; for either i =0, 1, or 2.
Part (a) is a consequence of the fact that A\(G) < W(Xo, Yo)
uniquely so that A(G) < Normg(N) < W(X, Y) implies X = Xp.

Part (b) is a consequence of the fact that Normg(N) < W(X,Y)
and A\(G) < W(X,Y;) for i =0,1,2 so that X must be X; for
exactly one such i.



The splitting corresponding to the index 2 characteristic subgroup
K of any N € R(Dp, [Dy]) is sufficient to actually determine N
itself.

To see this, we start by considering the subgroup

Ko = (A(x)) < M(Dn)

Proposition

[1, Prop. 2.6] Given G = D, as presented above, with

Ko = A({x)) < A(G), Normg(Ko) = Normg(A(G)) = Hol(G).

What we have in general is that if N = D, is regular and K its
index 2 characteristic subgroup then Normg(N) = Normg(K).



Theorem

For G = D,, if G =2 N < B is regular with K < N the index 2
characteristic subgroup then \(G) normalizes N iff and only if
A(G) normalizes K.

The advantage of this is that, if K is generated by kxky (a
product of two disjoint n-cycles) where 1 € Supp(kx) we can focus
on how it is acted on by A(x) and A(t), starting with the fact that
Orbjy(1) = X; for i = 0, 1, or 2 as indicated above.



Moreover, we need not worry about the order 2 generator of N.

Why?

Proposition

If kx ky is product of two disjoint n-cycles, then K = (kxky) is
the index 2 characteristic subgroup of exactly one regular subgroup
N < B where N = D,



(Why?) Since 7 has order 2, it must be a product of n disjoint
transpositions by regularity.

We claim that 7(X) = Y and 7(Y) = X.

If nis odd then 7(X) = X and 7(Y) = Y is clearly impossible
since one of the transpositions would have to contain an element
of X and one from Y which would contradict 7(X) = X.

If nis even then one could have n/2 transpositions with elements
from X and n/2 transpositions with elements from Y, but what
would happen is that the resulting group (kxk,,7) would have
fixed points.



For example, if kx =(1,2,3,4) and ky = (5,6,7,8) and
7= (1,4)(2,3)(5,8)(6,7) then TkxT ! = k' and ThyT 1 = k!
so that (k«k,,T) = D4 but this group is not fixed point free, e.g.

(1,2,3,4)(5,6,7,8)(1,4)(2,3)(5,8)(6,7) = (2,4)(6,8)

In contrast ((1,2,3,4)(5,6,7,8),(1,8)(2,7)(3,6)(4,5)) is also
isomorphic to D4 but is regular too.



As such 7 is a product of disjoint transpositions where each
transposition contains one element from X and one from Y.

Specifically if kx = (z1, z0,...,2,) and ky = (2}, 2}, ... z},)
(whence ky' = (2, 2,_1,...,2b,2,)) then the only possibilities for
T are

(21, 2)(22, 2 -1)(235 21 —2) - - (2, 21)
(z1, 2;7—1)(227 Z:’1—2)(Z3, 2;7—3) -+ (zn, Z,’1)

(Zlv 2;7—2)(227 21/1—3)(237 21/7—4) T (Z,,, 21/7—1)

(21, 21)(22, 2,)(23, 25 1) -+~ (2, 23)

where each (together with kxk,) generate the same group.



As such, the enumeration of N € R(Dp, [Dy]) is equivalent to the
characterization of K < N the (cyclic) characteristic subgroup of
index 2.

We divide the analysis between the case where n is odd, versus
when n is even.



Also integral to the determination of |R(G,[G])| is the notion of
the multiple holomorph of a group.

Briefly, the collection
H(G) = { regular N < Hol(G) | N = G and Hol(N) = Hol(G)}

is exactly parameterized by 7 € T(G) = Normg(Hol(G))/Hol(G)
the multiple holmorph of G.
i.e.

H(G) = {TNG)r ! | € T(G)}

And since A\(G) < Hol(G) = Hol(N) it is quite clear that
H(G) € R(G,[G]).



And for D,, we have the following

Theorem
[1, Thm. 2.11] For G = D, we have:

|H(Dn)| = ‘T(Dn)| = |Tn|

where T, = {u € U, | u?> = 1} the units of exponent 2 mod n.



What we wish to show is the following:

Theorem
For G = D, we have that |R(G,[G])

equals
(a) | Tp| if n is odd, where all Normg(N) < W(Xo, Yo)
(b) pn| Tl for n even, for Normg(N) < W(Xo, Yo) where

o = |{v € To | ged(v+1,n) =2}

(c) W for n even, for Normg(N) < W(X;, Y;) fori =1,2

[Note: If 8|n then p, = 2 otherwise p, = 1.]



We start by considering those N € R(G, [G]) for which
Normg(N) < W(Xo, Yo) where

Xo={1,x,...,x""1}
Yo={t, tx,...,tx""1}
and we recall that this is true automatically if n is odd.

In this case, if K < N is the (unique) subgroup of index 2, we have
K = (k) = (kxky) where Supp(kx) = Xo and Supp(ky) = Yo.



Since Supp(kx) = Xo and Supp(ky) = Yo then kx(x') = x*x(7)
and ky(tx’/) = txkv () so0 we may, for convenience, identify

kx = (XiO,Xil, . ,Xi"’l) = (io, Myenns i,,_l)

ky = (thO, I‘:X‘jl7 ey thnil) — (jO)jl) s 7./.”*1)

The question is, what are the possibilities for these two n-cycles?

We begin by using the fact that N (whence K) is normalized by
A(Dp) so in particular by A(t) and A(x).



We have

ACRAG) 1 (x) = AGx)k(x )
= A0
_ kx(i—1)+1

and

)\(X)k)\(x)_l(txj) = )\(x)k(xj+1)
= A(x)(txkr i)
_ thY(,i+1)—1

where A(x)kA(x)™! = kY = kgkY, for some v € U, where v" = 1.



So under the identification

kX - (iOa ila ey infl)
kY - (jO).jl) cee a.jnfl)
ib=0 jo=0
we have ky = (io, iy - - -, i(n—1)v) and k¥ = (jo,Jvs- - - »J(n—1)v) and

therefore:

k(ia — 1) = ingy — 1
ky(p+1) = jbys +1



If we assume i, = 1 for some r then we have
kX(irv - 1) = kx(O) = kx(l'o) = .(r+1)v —1= i1

but then

kx(i1) = kx(i(r1yv — 1) = 42y, — 1 =i

kx(i2) = kx(igr42yy — 1) = i(r43py — 1 =13

which implies that j(,;¢), — fe = 1 for each e € Zj,.



Similarly, for some s, we have js, +1 = jo =0 (i.e. js, = —1) and
so a similar inductive argument shows that

j(s-i—e)v —Je=—-1=n-1

for each e € Z,,.



Normalization by A(t) yields

and

M) kA1) 7L (ed) = A(t) k()
= A(£)(x*0))
— txkxU)

where A\(t)kA(t) ™1 = kY = k%KY for some u € U, where u? = 1.



What this implies is that x/+s = k¥ (xs) = x*v(%e) " and if we again
focus on the exponents we get

letu = k)%("e) = kY(ie)

so we can consider what happens with e = 0,1, ... (recalling that
io = jo = 0 and that ky(jr) = jr11) then we get

iv = ky(io) = ky(jo) = 1
by = ky(iy) = ky(1) = jo
i3y = ky(hu) = ky(2) =3

namely jr = i for each f € Z,, and since u?> = 1 we can write
this as j,r = if too.



So to summarize so far, we have n-cycles (ig,...,i,—1) and

(o, - - - ,Jn—1) Where the i’s and j's satisfy the following relations
ipb=20

Jo=0

irn, = 1 for some r

Jjsv = —1 for some s
i(r+e)v — le = 1 for each e € Z,
J(s+e)v —Je = —1 for each e € Z,

Jg = iug for each g € Z,

where u2 =1 and v" = 1.

So the question is what are the solutions of this system of
equations, as these determine the possibilities for k = kxky .



Simplification (1): The relation i,z = j; implies that the values of
Jg are completely determined by iy for g € Z, since u is a unit.

Simplification (2): We can show that, in fact, r,s € U,.



Why are r,s € U,?

If r & U, then for some m < n we have mr = 0( mod n).

From the relation j(, ), — fe =1 we have
in—ip=1[e=0]

i2rv_irv:1[e:r]

i3rv — igrv =1 [e = 2I’]



Looking at the left and right hand sides, we see that the indices
{0,rv,...,(m—1)rv} and {0,r,...,(m — 1)r} are equal since
veU,.

As such, if we add these m equations we get

m—1 m—1
0:( ierv)_(z ifr):m
e=0 f=0

in Zp, which is impossible since m < n.

So we conlude that in fact r € U, and similarly s € U, as well.



The next task is to determine v € U, which (at the very least)
must satisfy the equation v = 1.

From i(,+e)v —ie=1,ip =0, i, =1 we obtain

Iyirn2 — i =1ie. iy 2 =2]

Iv+n24n3 = lv4n?2 = 1 ["e' Iv4n24+n3 = 3]

Iv4r2toqrve = €



We can now use this relation as follows:

v=u(svt---+sv" ) ie [e=1]

w4 n?=ulsv+--+sv"?) e [e=2]

which implies r = —usv"~3, and for e = 3 we have
wE+n?+nd=u(sv+- v

which paired with the e = 2 case yields r = —usv™ > which
ultimately implies v = 1.



Now, if n is odd then v = 1 together with v? = 1 immediately
implies that v = 1.

If nis even then we can use the v2 = 1 relation as follows.
Ifin i, 2.1 e =€ welook at the index rv + v 4 4 rve we

have

A4 e =

fr(v+1) if e =2f
friv+1)+rv ife=2f+1



For the system

ipb=0
i, = 1 for some r

i(r+e)v — e = 1 for each e € Z,

the solutions we seek are those for which all ig are distinct.

As we just saw iy, 2.4 e = e for each e € Z, which can be
simplified to

ifr(v+l) =2f if e=2f

for f € {0,...,5 —1}.



So in order that each /g is distinct we consider whether

fr(v+1) = for(v+1)
Ar(v+1)+rv="fr(v+1)+rv

which is equivalent to fr(v +1) = 0.
Since r is a unit then this is equivalent to f(v +1) =0 (mod n).

In Zp, one has |v + 1| = m which means |v 4+ 1| = n/2 if
and only if gcd(v + 1, n) = 2 and therefore that fr(v 4+ 1) = 0 only
when f = 0.



We note a technical fact:

Lemma
Let n be even and v € T

(a) if 81 n then ged(v+1,n) =2 only ifv =1
(b) if 8|n then gcd(v +1,n) =2 only ifv=1,7 +1

So pup=2if8|nor u, =1if 8¢n.



So for the solutions of
io =0
i =1 for some r € U,
Jsv = —1 for some s € U,
i(r+e)y — le = 1 for each e € Z,
J(s+e)v —Je = —1 for each e € Z,
Jg = lyg for each g € Z,

for a given u € T, and pair (r,s) € U, x U,, we must have

s = —ur since jg = iyg. If 81 nthen v =1 only, and if 8|n
v=1,5+1 and so we have overall
[Tal - &(n) - pn

distinct kx ky, which yields | Tp| - u, distinct K = (kxky), and so
that many N € R(G,[G]) where Normg(N) < W(Xo, Yo).



This completes the analysis for the case where
NormB(N) < W(XQ7 Yo).

We have shown that if 84 n and N has block structure {Xo, Yo}
then N € H(G).

Note, this corresponds to v = 1 only, and for 8|n the v = 5 +1
possibility yields the other |T,| different N € R(G,[G]) which do
not lie in H(G).

For n even, the situation is a bit more complicated, but can be
understood in terms of the other block structures {Xi, Y1} and
{Xo, Y2}



If nis even then a given N € R(G,[G]) is such that
Normg(N) < W(X;, Y;) for exactly one i € {0,1,2}.

The case where Normg(N) < W(Xo, Yp) has just been covered.

Let's consider Normg(N) < W(Xi, Y1) where

Xi={1,x% ... x"2 t, 6%, tx"?}

Yi={x,x3, ..., x"Ltx, 03, tx)

which means N's characteristic two subgroup K is of the form
(k«ky) where Supp(ky) = X1 and Supp(ky) = Yi.



As such we have

kx = (tPxPo ¢axbr | pan-1xbo-1)

ky = (t0x% x| en-1xdn-1)

where ae, ce € {0,1} and be € {0,2,...,n—2} and
de € {1,3,...,n—1}.

Moreover, each even number b, appears twice, and each odd
number d. appears twice, and similarly, half of the a. are 0 and
half are 1 and similarly for ce.



Now, for

kx = (t%xPo ¢axbr | pan-1xbo-1)

ky = (tOx% texd | pen-1xdn-1)

we can assume that (ao, bo) = (0,0) and (cp, dp) = (0, 1).

Moreover, we will assume that (a,, b,) = (1,0) and (cs, ds) = (1,1)
for some r, s since 1,t € Supp(ky) and x, tx € Supp(ky).

The idea then will be to again determine equations amongst the
e, be, Ce, de Whose solutions govern the potential generators of any
such K < N characteristic (of index 2) for N € R(G, [G]).



We have that A(x) and A(t) must normalize K since K is
characteristic in N.

Since

A(t) =(1
Alx) = (1
we have that A(t)(X1) = Xi and A(t)(Y1) = Y1 while
A(x)(X1) = Y1 and A(x)(Y1) = Xi and so

) (x, tx) .. (x"L e

XX (T L tx)

A(t)kx A(t) = kx
A(t)ky A(t) = ky for some u € T,

AX)kxA(x) 7t = kY
A(x)ky A(x) ™! = k¥ for some v € U, where v =1



As such, conjugation by A(t) yields
(ta°+lxb°, patlyb ta"*lﬂxb"*l) = (taoxbo, tAuxbe ta("*l)“xb("*l)")

(tC°+1xd°, tC”ledl, o tcn—1+1xdn—1) _ (tCOXdO, tduxdu7 e tc(n—l)uxd(n—l)u)

And since (ag, bp) = (0, 0) then (ag + 1, by) = (1,0) = (ar, by) and
(co +1,do) = (cs, ds) which implies that

(tao+1xb07 t‘31+1xb1, o tanfl+lxbnfl) _ (tuarrxbr7 tar+uxbr+u7 e tarﬁ»(nfl)uxbr«f»(nfl)u)
(tC0+1Xd0’ tC1+1Xd1, e tCn71+1an71) — (t.Csts7 tdS+L/Xd5+LI7 . tcs+(n—1)uxds+(n—1)u)
and so
be = br+eu
de = ds+eu

det1l=arieu
Cet+1=Csteu

for each e € Z,.



Similarly, conjugation by A(x) yields

(120Xt (Z1)0 o bt (C)™ pany bt (ST (peoydo pevydy gl -ty

—1)¢ _1)¢ _1)%n—1
(tcoxd0+( 1) 07 tclxd1+( 1) 17 o tc"’lxd"’1+( 1) ) — (taOXbo, taVXb‘/, o ta(n,l)VXb(,,,l)V)

Here, (ao, bp) = (0, 0) yields (ao, bo + (—1)%) = (0,1) = (co, dp) so the first
equation directly yields that

Cev = de
doy = by + (—1)7

for each e € Z,,.



And since (cs, ds) = (1,1) then (cs, ds + (—1)%) = (1,0) = (ar, by) which means that

(tCOXdO‘F(*l)(D_’ tf-‘lxdﬁr(*l)cl, . tCn—Ian—1+(71)C"71) — (t-aoxbo7 1.31)(1717 . ta(n—l)xb(n—l))v

— (tarxbr7 parriybren t‘;H»(nfl)XbH»(nfl))V

+—

(tcsxds+(—1)°5 $Os+1 yOsp1H(—1)%H $Cstn1 ystno1H(=1)SFn-1 )=
) ey

(ta'Xb’, tawrvxbrw7 s t3r+(n—1)vxbr+(n—1)v)

which yields

Cst+e = drtev
ds+e + (71)Cs+s = briev



So a given

K = (keky)

= ((t%oxbo, taxbr | pan—ixbo-1)(poxdo peryd o pen—1ydhot))

being normalized by A(G) implies that the following system of equations
must be satisfied for each e € Z,

3et+1=artey be = brteu
Ce + 1= Csteu de = ds+eu
Cev = e dey = be + (—1)*
Cs+e = artev briev = dsqe + (—1)%+¢

where ae, ce € Zp, be €{0,2,...,n—2}, de € {1,3,...,n— 1} and



Two immediate consequences:

Since be = briey then we must have byiey = by (r1euyu = be
since the b's must consist of two copies of every even integer
between 0 and n — 2.

As such (since u?> = 1) we have r(u+1) = 0, and similarly
de = dstey implies that s(u+ 1) = 0.

Additionally, the equations ac + 1 = a,yey and ce + 1 = Csyey
imply that r + eu # e and s + eu # e which means that

r¢ (1 —u)ands ¢ (1—u).



It turns out that, in fact, v = —1 so that r(u+ 1) =0 and
s(u+ 1) = 0 automatically and r € (1 — u) = (2) and
s¢ (1-u) = (2)

Furthermore, we must have that, in fact, v> = 1. (i.e. v € T,)

And while r, s need not be units, they must satisfy
(s — rv)/2 € U,, which yields d, possible kxky where

on=H(v,r,s) € Ty X ZnxZn| ((s—1rv)/2) € Upjp and s, r & (2)}]

n n
5" [Tl - ¢(§)
5Tl o) 410
g . |Tn| . ¢(2n) 4|n
On

and so a0 possible K which therefore enumerates the

N € R(G,[G]) where Normg(N) < W(X1, Y1).



For those N € R(G,[G]) where Normg(N) < W(Xz, Y2) we can
utilize the following:

Lemma

The automorphism ¢ 1 1y € Aut(D,), where ¢(x?) = x* and
B(txP) = txP*L has the property that ¢(X1) = Xz, #(X2) = Xi
and that ¢(Y1) = Y2 and ¢(Y2) = Y1, and also ¢(Xp) = Yo and
P(Yo) = Xo.

And since (1 1) W (X;, Y1)y = W(oq 1)(Xi): é1,1)(Y3)) and for
a given N € R(G,[G]) one has that Normg(N) is contained in
W(X;, Y;) for exactly one {Xj, Y;} we have the following:



Theorem

If R(G,[G];{Xi, Yi}) is the set of those N € R(G,[G]) such that
Normg(N) < W(X;, Y;) then

[R(G,[G]: {X1, Y1})| = [R(G, [G]: { X2, Y2})I.

In summary

5+2)[Ts if8ln
54+1)|T,| if4/nbut8fn
n+1)[T, if2/nbut4fn
|T | if n odd

(
IR(D. [D,])] = E



Thank you!
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